The Pythagorean theorem
See Fig.1. Here, we have a right triangle. The length of the hypotenuse (the side opposite
the right angle) is given by c and the length of the other two sides are a and b. What
is the relation between a, b and c? How can you obtain the length of the hypotenuse c,
given the other two sides a and b? The Pythagorean theorem (also known as Pythagoras’s
theorem) answers this question. Pythagoras was a Greek philosopher in the 6th century B.C.
To derive the Pythagorean theorem, see Fig.2. Here, we have a big right square with side
(a + b). Inside this big square, there is a small quadrangle with side c. What are the angles
of the quadrangle? First, from Fig.1 notice that A + B + 90◦ = 180◦ . Also, from Fig.2 we
have A + B + D = 180◦ . Therefore, we conclude D = 90◦ . This proves that the quadrangle
is actually a square. Therefore, its area is given by c2 . On the other hand, what is the area
of the square in terms of a and b? The area of the big square is (a + b)2 . The area of each
triangle is 21 ab. As the area of small square is the area of big square subtracted by the area
of four triangles, we have:
c2

=
=

1
(a + b)2 − 4 × ab
2
a2 + 2ab + b2 − 2ab = a2 + b2

(1)
(2)

Therefore, we conclude a2 + b2 = c2 . This is the Pythagorean theorem.

Actually, there are dozens ways to derive the Pythagorean theorem. I present another
one in Fig.3. Here, we have a big quadrangle with side c and inside it we have a small square
with side b − a. The big quadrangle is actually a square as the sum of A and B in Fig.1 is
90◦ . Therefore, the area of the big square is c2 . What is this in terms of a and b? The area
of the small square is (a − b)2 and the area of each triangle is

1
2 ab.

As the area of the big

square is the sum of the area of the small square and four triangles, we have:
1
c2 = (a − b)2 + 4 × ab
2
1

(3)

=

a2 − 2ab + b2 + 2ab = a2 + b2

(4)

Final comment. If a and b are two sides of triangle, and the angle between them is 90◦ ,
√
we know that the other side c is given by a2 + b2 . That is what we have learned in this
article. However, what if the angle between them is not 90◦ but another angle θ? We will
find the answer to the question in our later article “The law of cosines.”
Problem 1. In the following list, each set of three numbers denotes the three sides of a
triangle. Determine which are right triangles, and which aren’t.
√
(1, 1, 2)

(3, 4, 5)

(4, 5, 7)

(5, 5, 7)

(5, 12, 13)

(6, 8, 10)

√ √
( 3, 3, 3)

√ √
( 3, 6, 3)

Problem 2. This problem asks you to prove the Pythagorean theorem in an alternative
way. See the figure below. First, show that ∆ABC and ∆ACD are similar. Also, show that
∆ABC and ∆CBD are similar. Using these similarities, obtain the length of AD and DB
in terms of a, b and c. Then, obtain the relation a2 + b2 = c2 from the condition that the
sum of the length of AD and the length of DB must be equal to c.

Problem 3. See the right isosceles triangle ABC in the left figure below. If the length of
AB is x, then we know that the length of BC is also x. Then, what is the length of AC?

Problem 4. See the isosceles triangle in the right figure above. Both the length of AB
and the length of AC are 3, and the length of BC is 4. Then, what is the area of the triangle
ABC? (Hint1 )
Problem 5. See the figure below. The triangle ABC has three sides AB, BC, and AC,
with lengths 13, 14, and 15 respectively. Find the area of the triangle by calculating the
1 First,

find the height AD, by noticing that the lengths of BD and DC are same, because ∆ABC is an

isosceles triangle.

2

height AD. (Hint2 ) Notice that you can apply the method to solve this problem to any other
triangles when the lengths of each side are known.

Summary
• Consider a right triangle. If the length of the hypotenuse is given by c and the length
of the other two sides are a and b, we have a2 + b2 = c2 . This is called the Pythagorean
theorem.

2 Let’s

denote the length of the line segment BD by x. Then, you will be able to express the height in

terms of x by applying the Pythagorean theorem to the triangle ABD. Also, you will be able to express the
height another way by applying the Pythagorean theorem to the triangle ADC. This time, you will first need
to express the length of line segment DC in terms of x. As you have two expressions for height in terms of x
you will be able to solve x by equating these two expressions. Once, you find x, you can plug the value into
these two expressions to obtain the height. Then, the length of BC multiplied by the half of height will be
the area.
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