
Gauge transformation in dreibein

In this article, instead of vierbein, we will deal with dreibein, which will turn out to

be useful in the analysis of Ashtekar variables. Drei means three in German. Dreibein

is the same thing as vierbein, except for the dimension.

In the last article, we mentioned that dreibein (as well as vierbein) is not uniquely

determined given a metric. In case of dreibein, we can still rotate it, and in case of

vierbein we can Lorentz transform it. To see this, recall

gµν = ηabe
a
µe
b
ν (1)

If we choose another dreibein (or vierbein) that satisfies

e′cµ = Ocae
a
µ (2)

where Oca is a rotation matrix (or Lorentz transformation matrix), it immediately follows

from the definition of the rotation matrix (or Lorentz transformation matrix) that

gµν = ηcde
′c
µe

′d
ν (3)

Now, let’s consider the infinitesimal version of (2). An infinitesimal rotation is given by

a cross product. Thus, we can write

δ~e = ~e× ~Λ (4)

In other words,

δΛe
a
µ = εabce

b
µΛc (5)

Now, let’s find out how the spin connection transforms under this transform. To this

end, it is convenient to introduce a new notation for the spin connection. Remember

that a spin connection has two Lorentz-indices which are antisymmetric. For dreibein,

1, 2, 3 are possible for the Lorentz indices. Thus, there are three components for spin

connections as 3 choose 2 is 3. Namely, we have

ω32
µ = −ω23

µ , ω13
µ = −ω31

µ , ω21
µ = −ω12

µ (6)

Let’s denote each of them by one Lorentz index by using Levi-Civita symbol as follows:

ωiµ =
1

2
ε̃ijkω

kj
µ (7)
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which implies

ω1
µ = ω32

µ = −ω23
µ , ω2

µ = ω13
µ = −ω31

µ , ω3
µ = ω21

µ = −ω12
µ (8)

Now, we can calculate δω1
µ = δω32

µ . From ωµab = eνa∇µebν , we have

δΛω
32
µ = δeν3∇µe2

ν + eν3∇µδe2
ν (9)

Using this, we obtain (Problem 1.)

δΛω
1
µ = ∂µΛ1 + ω2

µΛ3 − ω3
µΛ2 (10)

Similarly, we get

δΛω
a
µ = ∂µΛa + ε̃abcω

b
µΛc (11)

Given this, remember that a covariant derivative is given by

DΛb = dΛb + ωbc ∧ Λc (12)

For example,

DΛ1 = dΛ1 + ω1
2 ∧ Λ2 + ω1

3 ∧ Λ3 (13)

= dΛ1 + ω12 ∧ Λ2 + ω13 ∧ Λ3 (14)

= dΛ1 + ω2 ∧ Λ3 − ω3 ∧ Λ2 (15)

= dΛ1 + ε̃1bcω
bΛc (16)

Thus, we conclude

DΛa = dΛa + ε̃abcω
bΛc (17)

Therefore, (11) can be re-written as

δΛω
a = DΛa (18)

We will see this relation again when we talk about the non-Abelian gauge theory.

Problem 2. Check R32 = dω1 + ω2 ∧ ω3.

Summary

• The vierbein has the Lorentz transformation as the gauge freedom and the dreibein

has the rotation as the gauge freedom.

• δ~e = ~e× Λ.

• δΛω
a = DΛa.
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