
Electrodynamics in the Lagrangian and the Hamiltonian

formulations

What is the Lagrangian and the Hamiltonian of a charged particle in the presence of the

electric field, but no magnetic field? It’s easy. If the electric potential is ϕ, the potential

energy, V is given by qϕ where q is the charge of the particle. Therefore, we have:

L =
1

2
m(ẋ2 + ẏ2 + ż2)− qϕ (1)

H =
1

2
m(ẋ2 + ẏ2 + ż2) + qϕ (2)

In the presence of the magnetic field, it is more complicated. We will guess a formula for

the Lagrangian and show that the correct equation of motion is derived from the Lagrangian,

thus justifying the formula. We guess:

L =
1

2
m(ẋ2 + ẏ2 + ż2) + q(ẋAx + ẏAy + żAz)− qϕ (3)

Then, we have:

px =
∂L

∂ẋ
= mẋ+ qAx (4)

and similarly for py and pz. Then, we have:

ṗx = mẍ+ q
d

dt
Ax = mẍ+ q

(
∂Ax

∂x
ẋ+

∂Ax

∂y
ẏ +

∂Ax

∂z
ż

)
(5)

=
∂L

∂x
= q

(
∂Ax

∂x
ẋ+

∂Ay

∂x
ẏ +

∂Az

∂x
ż

)
− q

∂ϕ

∂x
(6)

Therefore, we conclude:

mẍ = q

(
∂Ay

∂x
− ∂Ax

∂y

)
ẏ + q

(
∂Az

∂x
− ∂Ax

∂z

)
ż − q

∂ϕ

∂x
(7)

However, remembering that B = ∇×A and E = −∇ϕ we conclude:

mẍ = qEx + q(Bz ẏ −By ż) (8)

and similarly for mÿ and mz̈. In conclusion, we obtained the Lorentz force as follows:

m¨⃗r = qE⃗ + q ˙⃗r × B⃗ (9)

where r⃗ = (x, y, z).
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Now, by definition, Hamiltonian is given by:

H = pxẋ+ py ẏ + pz ż − L

= pxẋ+ py ẏ + pz ż −
(
1

2
m(ẋ2 + ẏ2 + ż2) + q(ẋAx + ẏAy + żAz)− qϕ

)
(10)

Now, (4) implies:

ẋ =
px − qAx

m
(11)

and similarly for ẏ and ż. Plugging this into (10), we get:

H =
1

2m

(
(px − qAx)

2 + (py − qAy)
2 + (pz − qAz)

2
)
+ qϕ (12)

which is equal to:

H =
m

2

(
ẋ2 + ẏ2 + ż2

)
+ qϕ (13)

which is the total energy (i.e. kinetic energy plus potential energy) of moving charged object.

Notice that p’s in (12) is not the “mechanical” momentum given by m ˙⃗r. From (11), it is easy

to see that mechanical momentum is given by p⃗− qA⃗.

Summary

� The Hamiltonian of charged object in a vector potential A⃗ and an electric potential ϕ

is given by

H =
1

2m

(
(px − qAx)

2 + (py − qAy)
2 + (pz − qAz)

2
)
+ qϕ

Here, p⃗− qA⃗ is the mechanical momentum.
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