A short introduction to quantum mechanics XI:
Schrodinger equation in 3-dimensional space

So far we have considered a 1-dimensional problem. But in reality, a particle can
move in three dimensions, on which we will now focus. In this case, we have the position
operators X, Y, Z, which act by multiplying x, y, z respectively. Also, we now have
three momentum operators: the x,y,z-components of momentum, which we denote by

0 0
P,,P,,P.. Naturally, they act by —ih——,—ih——,—ih——. With this information, it is
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easy to check the following:

[X,Px]:[YV,Py]:[Z,PZ}:ih (1)
(X, Y]=1[Y,Z2] =[Z,X] =0 (2)
[P, Py] = [Py, P] = [P, ] = 0 (3)

The last one can be shown from the fact that partial derivatives commute.
Problem 1. Check [Y,P;] = 0 using Leibniz rule and the property of partial
derivatives. (Hint!) Thus, we have

Y, Po) = [Z, ] = [X, P)] = [Z,P)] = [X, P;] = [V, P;] = 0 (4)
In 3d, the energy of a particle is given by
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E +V(x,y,2) (5)

which implies

B2 (0%)(x,y,2) | OPY(x,y,2) | O*Y(z,y,z)
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> + V(xvyvz)w(xvyaz) - Ew(x7y72)
(6)

This is the Schrodinger equation for 3-dimensional case.
If the potential can be written in the following form

Viz,y,z) = V(z) + V(y) + V(2), (7)

solving 3d Schrédinger equation can be reduced to solving three 1d Schrodinger equa-
tions. For simplicity, I will show this in case of 2d Schrodinger equation instead of the
3d case. The 3d case is similar. Let

Viz,y) =V(x) +V(y),  (@,y)=va(2)by(y) (8)
1Show [Y, PJYy =0




Then, the Schrodinger equation is given by

LB (P(ay) | (x,y)
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) + V(z,y)¢(z,y) = Bp(a,y). (9)
If we divide both hand sides by ¥ (z,y), we get

1 h? 0%, (x) 1 h2 924, (y)
Va () <_2m Ox? Uy (y) <_2m O

Thus, the first part on the left-hand side is a function of z only and the second part on
the right-hand side is a function of y only. As their sum is £, a number that depends
neither on x nor on y, each part on the left-hand side must be a number. If we call these
numbers F, and E,, we have

T v<w>wx<w>) n n v<x>wy<y>> — £ (10)

2

g thal) + V(@)1 (&) = Exin(a) ()
2

(1) + V() (0) = Byt () (12)

where E, + E, = E. Therefore, we divided one 2d Schrodinger equation to two 1d
Schrédinger equations.

Now, let’s see an example. Consider the following Hamiltonian of 2d harmonic
oscillator:
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H = px2mpy + gmw (e’ +y?) (13)

What are the allowed energies?
We have F = E, + E,, where

E, :hw(nx+%), Ey:hw(neré), Ng,ny =0,1,2,3--- (14)
The ground state (i.e., the lowest energy state) is given by n, = ny, = 0. Therefore, the
ground state energy is F = hw. The first excited state (i.e., the second lowest energy
state) is given by n, = 1,ny = 0 and n, = 0,n, = 1. Its energy is £ = 2hw. Notice that
there are two such states. We say that the first excited state has degeneracy 2. Any
linear combination of these two states is the first excited state. In other words, if ¥, ()
is a solution to the Schrodinger equation of 1d harmonic oscillator with the eigenvalue
of (n+ %)hw, the following state is the first excited state:

U(x,y) = crthr ()0 (y) + cato ()b (y) (15)

Note that we need |e1]? + |ca|? = 1, if ¥(x, y) is normalized.

The second excited state (i.e., the third lowest energy state) is given by n, = 2,n, =
0 and n; = 1,ny = 1 and n; = 0,n, = 2 and its degeneracy is 3.

Problem 1. Consider the following Hamiltonian of 3d harmonic oscillator:
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+pi+p? 1
=BT L (e + g+ 2) (16)

What is the degeneracy of the first excited state?
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e The 3d Schrodinger equation is given by

h? <82w<x,y7z> L Pley.z) | 0PU(ay.2)
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>+V(:‘Ca Y, Z)T,Z)(SL‘, Y, Z) = E¢($v Y, Z)

o If V(z,y,2) =V(z)+ V(y) + V(2), the solution to the 3d Schrédinger equation is
given by
Y(w,y,2) = ¢x(x)¢y(y)¢z(z)

where 9, (x) is the solution to the 1d Schrodinger equation with the potential
V(z), and similarly for ¢, (y) and v.(z). The energy is given by

E=FE,+E,+E,
where E,, E,, E, are the energy eigenvalues of each 1d Schrodinger equation.

e The ground state is the lowest energy state. The first excited state is the second
lowest energy state and the second excited state is the third lowest energy state
and so on.

e If n linearly independent states have the same energy, we say the state with that
energy has degeneracy n.



