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Abstract

We present the vierbein formalism and Palatini action in general relativity. The
aim is to provide prerequisites for the Ashtekar variables formalism and the newer
variables formalism for general relativity. This article should be accessible to stu-

dents who are familiar with general relativity and differential forms.

1 Introduction of vierbein

a

The vierbein e

is defined by the following relation:

uv = nabezeg (1)
where g,,,, is the metric and 7, is defined as follows

—1

0

(2)

0
B 0
Nab = 1
0

o O = O
= o o O

0

In other words, 74 is the metric for the flat Cartesian coordinate. Vier means four in
German and is pronounced as “fear.” Bein means leg in German, and is pronounced
as “bine.” We can see here that vierbein is like the “square root” of the metric, as
“square” of e is the metric. We also see here that (1) doesn’t uniquely determine the
vierbein. Considering the symmetricity of the metric (i.e. g, = g,,,) the metric has ten
independent components. In other words, (1) are ten equations. On the other hand, we
have sixteen unknowns, as each of a and p in €j; can have four values. (ie. a=0,1,2,3,
p=0,1,2,3.) Therefore, there are six degrees of freedom in choosing the vierbein. (We
will talk more about this freedom in the next article.) Nevertheless, different choices

lead to the same physics.

(1) also implies the following:
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where g"” is the inverse of the metric g,,,, and n is the inverse of 7y



We can prove this by multiplying n.e°) on its both-hand sides as follows.

b b
n“nmecel = 9" e enneel

deey = guvezgm
a __ a
€\ = €) (4>

So, we conclude that the left-hand side of (3) is the same as its right-hand side.

Notice that vierbein e has two kinds of indices. One is the Latin index (i.e. a,b---)
and the other is the Greek index (i.e. p,v---). We raise and lower the Latin indices
by 7% or 1y, as they have two Latin indices and we raise and lower the Greek indices
by g"” or g,, as they have two Greek indices. In this case, the Latin indices are called
“Lorentz indices,” and the Greek indices “spacetime indices.” Now we can freely raise

and lower the indices of the vierbein as follows:

e = ge}, (5)
ST nabez (6)
ey = 9" Navey, (7)

It turns out that e; defined above is the inverse of ez. One can check this as follows:
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where we have used (1) and (3).

So, why is vierbein called vierbein? First, notice
Nab = G €€y (8)
If we regard el as a four-vector labeled by a, then we can write:
Nab = €a * €p (9)

Thus, vierbein is a set of four orthonormal vectors (i.e., €y, €1, €2, €3) defined at each
point. In other words, vierbein can be viewed as four legs attached at each point in
spacetime. Notice also that (9) is exactly Minkwoski version of (5) in “Dimension of
orthogonal group.” Thus, we see that the degree of freedom at each point must be the

dimension of the Lie group SO(3,1), which is 6 as we found earlier.

2 Spin connection

Given the definition of vierbein, let’s turn to the covariant partial derivative D, that

acts on both spacetime indices and Lorentz indices. As much as one requires Vog,, = 0



as a sacred characteristic of the metric, we require the following as a sacred characteristic

of the vierbein:

Dyep, =0 (10)

Furthermore, notice that there are two different types of indices, so to define expression
above we need to use two different types of connection, namely the Christoffel symbols

I and the “spin connection”w as follows:
Dyevy = Opery — 'y €00 — wipeve =0 (11)

Noticing that the first two terms together make up the ordinary covariant derivative for

spacetime indices, we can write:

w;beyc = View
eszbel,c = e, Vey
which implies
Wab = €4 V by (12)
Now, observe the following:
VN, = 0

Vu(egen) =0
eqVyew + ey Ve, =0
eV uep + ey Vyeq, =0

where we have used the fact V9,5 = 0 in the last line.

Thus we can conclude:
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Whab = €4V uChy
v

= —epVyear

= —Wyuba (13)

In other words, the spin connection is antisymmetric with respect to the two Lorentz-

indices.

3 Torsion two-form

Observe the following:

Due?, = 8Melb, — ngeg + wzcef, =0 (14)
Dyez = &,ez - Fffﬂeg + wgcei =0 (15)
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By subtraction, we immediately see the following:

b b b ¢ b ¢ __ o a b
Opey, — Opey, +w,e, —wyee, = (F/w - Fw)ea

If we use the differential form notation as follows:
e’ = ebdx”
Wl = Wb dx”
and define the torsion tensor as follows:

1 v v
T = QTijda:“ Ndz” = S[(T, — F(V)‘M)eg}daz“ A dz

DN |

we obtain:

deb + wbo N et = TP
In the index-free notation, we can write the above equation as follows:

det+wAhe=T

4 Curvature two-form

(17)

(18)

(19)

(20)

In this section, we will obtain an expression for the curvature two-form, the vierbein

analogue of the Riemann tensor. First, as we have:
(VuVy = VuV)edy = Rpopveg + (Fﬁu - FSM)Vaedﬂ
we can write as follows:

J— ag
Reapw = Rpopveleg

= eg[(vuvl/ - vuvu)edp - (le/ — FSH)Vaedp]
However, we have:

P
6cvuvyedp

= V,u(elVyeqp) — (Vuel)(Vieqp)
Furthermore, we have:

(Viuee)(Voeap) = (Vued)06(Vieap)

= (vueg)nabegeba(vuedp)

Therefore, we can write:

b
Rcd;w = vuwl/cd - vuwucd - na (waCwVad - wubcwuad) - (Fij - Flcjlu,)wacd

ab
= OpWycd — 8VWucd +1n (w,ucbwyad - wucbwuad)
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Raising one of the indices, we can write:
R gy = Ouwig — Buwjig + Wiy (" wyad) — w5y (1™ wpaa)
= Ol — Oyl + Wby — wiywhy (27)
If we use the differential form notation, we have:
R¢y = %Rcdwdx” Adz” = dwy + w A Wby (28)

1
iRcdabe“ Aeb (29)

which is called the “curvature two-form.” If you are familiar with Yang-Mills theory,
you will notice that the above equation has exactly the same structure.

In index-free notation, we can write the above equation as follows:
R=dv+wAw (30)

Therefore, if the torsion vanishes, the right-hand side of (21) is zero, so we can easily

obtain w if e is given. From this w, we can obtain the curvature by using (30)

5 Bianchi identities

Let’s take the exterior derivative of (21). We get:

dT'=dw Ne —w Ade (31)
We also have:
wWAT =wAdet+wAwAe (32)
Therefore, we conclude:
dT+w AT =RAe (33)

If torsion vanishes, we simply have:
RAe=0 (34)

It turns out that the above equation is the vierbein version of the following Bianchi
identity:
Rabed + Rocad + Reaba = 0 (35)
(Problem 1. Show this.) Now, we have to derive the second Bianchi identity. From
(30), we have:
dR =dw Aw —w A dw
WAR=wANdw+wAwAw

RANw=dwANw+wAwAw (36)



Therefore, we conclude:
dR+wAR—-—RAw=0 (37)

It also turns out that this is the vierbein version of the following Bianchi identity:

VaRyq ¢+ ViR g+ VeRyp € =0 (38)

6 Gauge-covariant exterior derivative
It is natural to define the gauge-covariant exterior derivative as follows:
Dub = dub + Wb Auf (39)
since we will be able to write (20) as:
Tb = Deb (40)

and (33) as
DT® = R, AP (41)

Also, given (39), taking a similar step to the one that led to (33), we obtain:
D?*u® = Rb. Auf (42)

To go further, it may be useful to write the gauge-covariant exterior derivative in
component form as follows:

Duvb = Qﬂ)b + wzdvd (43)

which implies

_ d
Dyve = 0yve — WheVd

Dve = dve — we A vy (44)

Then, as R, has one upper index (i.e. b) and one lower index (i.e. ¢), using (39) and
(44), we have:

DR’ = dR". + W’y A R%. — w. N RY,
=dR’. + Wby AR — RVy A Wi, (45)

where in the last step, we used the fact that R is a two-form. Comparing with (37),

we can conclude that the second Bianchi identity can be written as:

DRb. =0 (46)



7 Hodge dual

In four-dimensions, the Hodge-duality map, * (called the “star” operator), is defined as
follows:

*(ea1 A ean) = (4_1n)!ea1~~anan+lu_a4ean+1 A A e% (47)
In other words, it is a natural and covariant map that provides a linear isomorphism
between n-forms and (4 — n)-forms. Here € is Levi-Civita symbol defined via €pj23 = 1,
and indices are raised by n?. One can similarly define the star operator in any other
dimensions.

To get a sense of what the star operator does, let me give you some examples:
#(ONnel) = oz Ned = —e? A e? (48)
w2 Ned) =gl nel =P Ael (49)

Take two n-forms as follows:

1

A== Agpa € A A (50)
n:
1

o= f‘O'bl...bnebl A Aebn (51)
n.:

Then, given the definition of the Hodge star operator, we have:

1 1
AN %0 = W)‘almangbp-bnmﬁbl bnan+1.~a4€a1 A A edntl A L. A e

1 ebrbn
= E)\al"'ano-bl"'bn

1
= jAal...anabl...bnnalbl coopinbrgd A el A€ A e
n!

1
= E)xal...anaal"'“"eo ANet e Aed (52)
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If we define the natural inner product as
1 al--a
<\ o >= ﬁ)‘a1-~~anff rn (53)
and €, the volume form, as follows:
e=enel e ned (54)
then, we can write (52) as follows:

AN*T =<\, 0> € (55)



The reason why € is called the volume form is because it exactly gives the Jacobian
factor or equivalently /—g. Let’s prove this.
e=e'Nel N Ne = eﬂeie%eidw“ Adx” N dxf A dx®
= ezell,ezege“”padfco Adzt A da® A da®
= (dete)da® A da' A dz? A da? (56)

Now, we have to prove that det e is the Jacobian factor.
Recall:

Guv = efﬁz{ﬁu (57)

In the matrix notation this would be:
g=celne (58)
Taking the determinant, we have:
det g = det edetndet e = —(det e)? (59)

So, we conclude:
dete = /—g (60)

This completes the proof that € is the volume form.

Actually, the Hodge dual can be defined without resorting to the vierbein. For
example, in the case that the spacetime concerned is 4-dimensional, the hodge dual can
be defined as follows:

1

*(dxal AR d.?fan) W

€ g TN A da® (61)

where € here is the Levi-Civita tensor. (By abuse of notation, we used the same letter for
both Levi-Civita symbol and Levi-Civita tensor.) Compare this with our earlier formula
(47). The Levi-Civita symbol is replaced by the Levi-Civita tensor. The hodge dual
defined above is equivalent to our earlier definition. Let’s check this by considering the

following. According to our earlier definition, we have
sl=e’ANel ne? ned (62)
whereas according to our new definition, we have
x1 = \/—gdz® A dz* A da® A da? (63)

So (62) and (63) are same. Here, in this article, we will not prove the equivalence of
(47) and (61) in the general case.



As an aside, we want to note that our paper with Brian Kong “Black hole entropy
and Hawking radiation spectrum predictions without Immirzi parameter” is based on the
observation that traditional loop quantum gravity used the Levi-Civita symbol where
the Levi-Civita tensor should be used; for spacetime indices the Levi-Civita tensor, not

the Levi-Civita symbol, should be used.

8 The Palatini action
Now, consider the following integral:

1
/EIJKL2€I/\€J/\RKL (64)

Notice that REL here is not the Ricci tensor, but a curvature two-form. Notice also
that REL = —RLK . We have:

1
= /RKL/\(26[JKL€I/\€J)
:/RKL/\*(eK/\eL)

1
:/QRKLMNeM/\eN/\*(eK/\eL)

1
= /2RKLMN < 6M/\€N,€K/\6L >

1
_ /QRKLMN@%&JLV — 516N

_ / Re (65)

So, this is precisely the Einstein-Hilbert action! Therefore, we conclude:
S = b /d4m\/—gR = I/GIJKLleI Ael N REL (66)
167G 167G 2
Summary

® G = nabeZeg where g, is the metric and 7, is the metric for the flat Cartesian

coordinate. eZ is called “vierbein.”

e In other words, vierbein is like the “square root” of the metric.

e We raise and lower the Lorentz indices by n and we raise and lower the spacetime

indices by g.

e Dyey, = 0. Unlike V,, the new partial derivatives D, act on the Lorentz indices
as well.

D,e, =~ 0ue, —T'ppe —wpe, =0



e The spin connection is antisymmetric with respect to the two Lorentz-indices

Wyab = —Wyba-
e det+twNhe=T.
e dut+wAw=R.
e RAe=0.
e Gauge-covariant exterior derivative is given by
Dub = du® 4+ W, A ul
e In four-dimensions, the Hodge-duality map, * gives a natural and covariant map
between n-forms and (4 — n)-forms as follow.

1
- a1-0n an+41 a4
€ ean € AN---Ne
(4 —n)! dnf1rad

k(e N et

e The volume form is given by € = e? A el A e? A €3.

e The Einstein-Hilbert action is given by

1
/6]JKL2€I Ael N REL

Further Reading

The following books and lecture notes which I recommend were most helpful when
preparing this review paper: General Relativity by Robert Wald, Geometry, Topology
and Physics by M. Nakahara. Gravitation, Gauge Theories and Differential Geometry by
Tohru Eguchi, Peter B. Gilkey and Andrew J. Hanson, Introductory lectures to loop quan-
tum gravity by Pietro Dond and Simone Speziale (arXiv:1007.0402), Ashtekar Variables
in Classical General Relativity by Domenico Giulini (arXiv: gr-qc/9312032), Quantum
Gravity by Carlo Rovelli.
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