A short introduction to quantum mechanics V:
the expectation value of given observable

In this article, we discuss how one can calculate the expectation of given
observables supposing that the state vector is known. To this end, let’s
define expectation value in an easy case using the example of an ordinary
six sided die. The expectation value of an ordinary six sided die can be
calculated as follows.
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Thus the expectation value can be calculated by summing over the possible
values multiplied by their probabilities. Now let’s carry this over to quantum
mechanics.
Suppose that the state vector is given as follows
|ψ >= 0.6|2Ji + 0.8|5Ji

(2)

where as before |xJi is the normalized eigenvector of the energy matrix with
eigenvalue xJ. (i.e. hxJ|xJi = 1) Notice that the state vector |ψi is also
normalized, as:
hψ|ψi = 0.62 + 0.82 = 1
(3)
In physics, we usually assume that a state vector is normalized, because
as long as the norm is not infinity we can always normalize it, and because
it is convenient and practical to work with normalized vectors.
Given this, from our first article on quantum mechanics, we see that
upon observation there is a 0.36 probability that the object’s energy is 2J
and 0.64 probability that it is 5J. So, the expectation value is
hEi = 0.62 × 2J + 0.82 × 5J = 3.92

(4)

However, notice that the same can be calculated as follows:
hEi = hψ|E|ψ >= (0.6h2J| + 0.8h5J|)(2 × 0.6|2Ji + 5 × 0.8|5Ji)

(5)

Therefore, we conclude that the expectation value of E is given by
hψ|E|ψi, and similarly for other observables. Notice that while the calculation in (5) is done in the eigenvector basis of E, the expression hψ|E|ψi
1

is “basis free,” so the same answer would be obtained by calculating in any
other basis.
P
Actually, we can show this more rigorously. Remembering that i |Ei ihEi | =
1, and E|Ei i = Ei |Ei i (Ei is the eigenvalue, |Ei i is the orthonormal eigenvector), we get
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This is exactly (5), if you remember that hEi |ψi is the coefficient of ψ in
energy eigenvector basis, and |hEi |ψi|2 is the corresponding probability.
Problem 1. Suppose a system whose Hilbert space is two-dimensional
and its orthogonal basis vectors are given by |A > and |B >. Now, let’s say
that a Hermitian operator H acts on these basis vectors as follows:
H|Ai = 4|Ai − 3i|Bi
H|Bi = 3i|Ai + 2|Bi
Using the following notation,
 
1
|Ai =
,
0

(10)


|Bi =

0
1


(11)

express H by a 2×2 matrix, and obtain its expectation value for the case in
which the state vector is given by |Ai.

Summary
• The expectation value of the observable A for the state vector |vi is
given by hAi = hv|A|vi.
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